Introduction
For directed graphs G 1 and G2, a homomorphism h of G ! into G 2 is, roughly speaking, a mapping of the set of arcs of G 1 into the set of arcs of G 2 that preserves the adjacency of arcs.
It is naturally extended to a mapping h* of the set of paths in G 1 into the set of paths in G2, which is called the extension of h. Also, h naturally induces a mapping h of the set of bisequences over G 1 into the set of bisequences over G2, which is called the global map of h. In [9] , Hedlund describes the properties of endomorphisms of the shift dynamical system.
In [i0] , using results in [9] and graph-theoretical approaches, the author further investigated the properties of global maps of one-dimentional tessellation automata ("global maps of one-dimensional tessellation automata" and "endomorphisms of the shift dynamical system" are names for the same notion in different fields).
Many notions and results
in [9~ and [i0] can be naturally generalized to extensions and global maps of homomorphisms between strongly connected graphs so that we have a new area of graph theory [13] [14] .
In this paper, we survey a part of the results obtained in [13] and [14] which is mainly concerned with uniformly finite-to-one and onto global maps of homomorphisms between strongly connected graphs.
Most of our results except for Theorem 1 can be considered as generalizations of results described somewhere in [9] and [10] .
(We do not say why they can be considered so and which result in [9] or [i0] each of them corresponds to. These are found in [13] and [14] . See also [15] .) As a generalization of the shift dynamical systems, a class of symbolic flows known as irreducible subshifts of finite type has been studied. Global maps of homomorphisms between strongly connected graphs are closely related to homomorphisms of symbolic flows between irreducible subshifts of finite type, and our results can be directly applied to them. These applications are contained in [13] and [14] . Related results on symbolic flows are found in the works of Coven and Paul [3] [4][5].
Basic definitions
A graph(directed graph with labeled points and labeled arcs) G is defined to be a triple (P, A, ~ > where P is a finite set of elements called points, A is a finite set of elements called arcs and ~ is a mapping of A into P x p. If ~<a) = (u, v) for a e A and u, v E p, then u and v are the initial endpoint of a and the terminal endpoint of a, respectively, and are denoted by i(a) and t(a), respectively.
A sequence x = a!.. if G 1 has no isolated point, that is, for each point u of G!, there exists at least one arc going from or to u, then the homomorphism h = (h, ~) of G 1 into G 2 is uniquely determined by h. Therefore, when G 1 has no isolated point, we say that h is a homomorphism of G 1 into G 2 and we denote by ~h the unique mapping ~ such that (h, ~) is a homomorphism of
In what follows we assume, without loss of generality, that graphs have no isolated point. is a non-negative matrix, by Perron-Frobenius Theorem, M(G) has the nonnegative characteristic value that the moduli of all the other characteristic values do not exceed (cf. Gantmacher [7] ). We denote by r(G)
that "maximal" characteristic value of M(G), which is often called the spectral radius of G.
Theorem 1% . Let h be a homomorphism of a graph G 1 into a graph G 2.
If h* is uniformly finite-to-one and onto, then r(G I) = r(G 2) and the characteristic polynomial of M(G I) is divided by the characteristic polynomial of M(G2).
Let h be a homomorphism of a graph G 1 into a graph G 2. Two paths x and y in G 1 are indistinguishable by h if i (x) = i (y), t (x) = t(y), and h*(x) = h*(y) .
% A stronger result than Theorem 1 is found in [13] . Example I. Let G = < P, A, ~ ) be a graph. For any non-negative
We call L (p) (G) the path graph of length p of G. The proof of the second reading is similar. where
U E C h [U e ~h] and y E ~(G2) with i(y) E ~h(U) [t(y) E ~h(U)], is the bundle of some path of length p in G h [~h]
, and is also called a bundle Ibackward bundle, abbreviated b-bundle] of length p for h.
Mergible homomorphisms
In this section, we introduce the notion of "mergible" for homomorphisms between strongly connected graphs with uniformly finite-to-one and onto extensions, and we give an outline of the proof that for each mergib!e homomorphism h, h is constant-to-one.
Let G 1 and G 2 be two strongly connected graphs with r(Gl) = r(G2) , and let h be a homomorphism of G 1 into G 2 with h* onto. Let p be a non- Let G 1 and G 2 be two strongly connected graphs and let h be a homomorphism of G 1 into G 2. Let n be a non-negative integer. We define a
(h(n)) * is onto if and only if h ~ is onto, and if r(G I) = r(G2), then r(L (n) (GI)) = r(L (n) (G2)). {Cf. Example i.) Since h 3 is biregular, it follows from Lemma 6 that (h3) ~ is constant-to-one. Therefore, since p, PI' P2" and p' are one-to-one and onto mappings, it follows that h is constant-to-one.
7.
Characterizations of constant-to-one and onto global maps of homomorphisms between strongly connected graphs.
Let G be a graph with ~(G) % ¢.
Two bisequences e, ~ c ~(G) are point-separated if i (~i) % ~ (6 i) for all i e Z.
Let G 1 and G 2 be two strongly connected graphs with r(G I) = r(G 2) , and let h be a homomorphism of G 1 into G 2.
It is easy to see that if for each B E ~(G2) , any two distinct members of h~l(~) are point-separated, then h* is onto and h is mergible. Moreover, using topological arguments similar to those in Hedlund [9] or those in Ferguson [6] (see the proof of Lemma 2.3 of [6] ), we can prove that if h is constant-toone, then for each B E ~(G2) , any two distinct members of h~l(B) are point-separated. Therefore, using these and Theorem 5, we have the following result.
Theorem 6. Let G 1 and G 2 be two strongly connected graphs and let h be a homomorphism of G 1 into G 2. Then the following statements are equivalent.
(I) h is constant-to-one and onto.
(2) r(Gl) = r(G 2) and for each B e ~(G2) , any two distinct members of h~l(8) are point-separated.
(3) r(Gl) = r(G2) , h* is onto, and h is mergible.
By the fact stated after Theorem 2, statement (3) in the above theorem can be restated as follows :
(3 ~) h* is onto, there exist no two distinct paths in G 1 which are indistinguishable by h, and h is mergible.
It is easy to see that there exists an algorithm to determine, for a homomorphism h between two strongly connected graphs G 1 and G 2, whether (3') holds. This gives an algorithm to determine whether h~ is constant-toone and onto for an arbitrary homomorphism h between strongly connected graphs.
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As an application of Theorem 6, we have the following result which can be considered as a generalization of Theorem 2 of [12] .
Theorem 7. Let GI, G 2 and G 3 be strongly connected graphs with r(G I) = r(G 2) = r(G3) , and let h I be a homomorphism of G 1 into G 2 and h 2 be a homomorphism of G 2 into G 3. Then if (hlh2) ~ is constant-to-one, then each of (hl) ~ and (h2) ~ is constant-to-one.
8.
One-t0~one and onto global maps of homomorphisms between strongly connected graphs.
Let h be a regular [b-regular] homomorphism of G 1 into G 2 and let p be a non-negative integer.
We say that h is.~ definite if for any Xl,
x 2 E ~(P) (GI) , h*(Xl)= h*(x2) implies t(x I) = t(x 2) [i(x I) = i(x2)]. We say that h is definite if h is p definite for some non-negative integer p.
A definite regular homomorphism is considered to be a generalization of the state transition diagram of an automaton having a definite table, which was introduced by Perles, Rabin, and Shamir [16] . We remark that properties of definite tables and a practical decision procedure for definiteness of tables presented in [16] , are straightforwardly Theorem 9. Let G 1 and G 2 be two strongly connected graphs with r( G I) = r(G2) , and let h be a homomorphism of G 1 into G 2 with h* onto.
Then h is one-to-one if and only if h is mergible and U n V = # [IU n V 1 = i] for any U E C h and V 6 ~h with ~h(U) = ~h(V).
By the above two theorems, we have the following result.
Theorem i0. Let G 1 and G 2 be two strongly connected graphs with 170 r(Gl) = r(G2) , and let h be a homomorphism with h* onto. Then h is one-to-one if and only if both the induced regular homomorphism and induced b-regular homomorphism of h are definite.
